Within the last decade, real estate prices in Poland have changed signicantly. We believe that these prices inevitably reect the dynamics of the real estate market, and therefore they can be used to track its evolution path. To study whether and how the prices (regarded as a state variable) change over time depending on such control variables as gross domestic product and central bank interest rates, the theory of discontinuous change (also known as the catastrophe theory) was used. Catastrophic model assumes that small price uctuations are associated with stable, long-term development of the market, whereas rapid changes are always due to short-term instabilities. In such a picture, the system evolution path draws a smooth curve within the stability area passing continuously between neighboring equilibrium states, and it rarely enters into the instability area to jump over the potential barrier to another equilibrium state.
Introduction
In many countries, the real estate market represents an important pillar of its national economy. In Poland, following commencement of the systemic transformation of 1990's, the process of earlier unheard-of real estate market development has been initiated. As a consequence, the prices of residential real estate started to evolve dynamically giving rise to minor long-term uctuations occasionally perturbed by rapid decreases and increases.
The classic methods of modeling the events in the real property market in both the spatial and the time sense are adequate in case of slow changes, however, they possess numerous diculties in case of unexpected and rapid changes, when the entire market seems to be losing its stability.
As concerns the analyzed issue, the durability of the current trend and the causes for its change represents an intriguing issue. Authors' temporal hypothesis states that occasionally observed sudden changes of real-property prices occur through discontinuous steps caused by searching for the new equilibrium of the overall system. This paper proposes and presents verication of that hypothesis using the mathematic models from the catastrophe theory.
Cusp catastrophe model
The catastrophe theory has been successfully applied in the studies conducted in many scientic areas on the grounds of both soft disciplines, such as philosophy and psychology, and hard sciences, such as economics and management, mathematics, biology, geography, chemistry and others [18] . In general, all dynamical systems * corresponding author; e-mail: caprio@uwm.edu.pl continuously tend toward equilibrium associated with the local minima of potential function. The catastrophe theory describes the potential in terms of control variables and state variables. The former determine sensitivity of the system, whereas the latter dene its current state.
In particular, the cusp catastrophe theory used throughout this study assumes that the potential V depends on two control variables: asymmetry factor α and bifurcation factor β, and only one state variable y, in the form given by [1] :
Moreover, each control variable can be actually dened as linear combination of several observables (independent variables):
Equilibrium states of the system are the roots of partial derivative of the potential with respect to the state vari-
Assuming that potential is dened as in Eq.
(1), all equilibrium solutions form a fold within the state space, similar to that shown in Fig. 1 . On the other hand, system in equilibrium does not change with time, and therefore dy dt = 0.
As a result, time-dependent evolution equation of the system takes the form 
In the above equation, derivative term is referred to as the drift, whereas W is the Wiener process with variance σ 2 [9, 10] . It is associated with a probability density that describes the distribution of the system's states on any moment in time, which may be expressed as
where Ψ is a normalizing constant.
Hartelman et al. [11, 12] and Wagenmakers [13] found direct relation between probability density function f (y) associated with Eq. (8) and that corresponding to an asymptotic stationary stochastic process f s (y). They proved that f (y) and f s (y) converge over time assuming fast thermalization of the system, that is assuming much faster changes in the system state than in the control variables. Since observables simultaneously contribute to the control variables and aect the state variable, their particular dependence can be determined using the maximum likelihood approach proposed by Cobb and Watson [9] , which was further developed by Hartelman [11] and Wagenmakers [13] . This tting procedure was then implemented in the cusp software application used throughout this study, described in detail by Grasman et al. [14] .
3. Catastrophe models in the real estate market
Model variables state variables and control variables
As mentioned earlier, potential function in the cusp catastrophe model depends on two control variables: α and β that are linearly dependent on chosen observables, which is also true for state variable y. 
Results of tting
Numerical tting of the cusp catastrophe models to the available empirical data was conducted making use of the cuspt software package [14] . Two models named, respectively, model A and model B
were tested.
In model A (Table I) Almost complete positioning of the state variables (real property transaction prices) within the fold area draws attention as it conrms the catastrophic nature of the phenomena described.
Obtained results indicate that all the observables provide identical contribution to the control parameters. In case of the asymmetry index α, the free term (bold data in Table I ) proved to be of little signicance while in case of the bifurcation index β all the variables were found 500 M. Beªej, S. Kulesza signicant. This would indicate that the level of interest rates and the volume of generated GDP inuenced both the price distribution asymmetry and bifurcation. After modication (free term set to 0 in the asymmetry index (lower part of A and its modied version is small. In model B (Table II) Deeper understanding of the real estate dynamics using the catastrophe theory might eventually be used for prediction of sudden price changes. To achieve that goal it is necessary to extend the research area into wider spatial and temporal margins, including international markets, and longer time perspective. It is also essential to include additional observables into the model, to verify their inuence on the system state. Having such results it would be possible to develop robust indicators of a catastrophe in the real estate market. The analyzed system's current status and probable development scenario, which will take the system in the direction of structural instability or structural stability, can be illustrated with a graphic representation of the evolutionary path.
